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Link between Linear Independence and PTQIP=Q(~P)va

i ol B v & z

Determinants TIF[ F F
F|T : T

F|F A F

Their truth values are identical, hence the biconditional holds. Thus, we can
May 2022 deduce that
(P=Q)
1 Notation e = ((~P)VQ)

= QV(~P)

1. Mynxa(K) is the set of all n x n matrices with entries in K, where K is
a fiel = ((~Q) = (~P))
2. Let Vi,.... v, be n vectors. The matrix formed by taking these n vectors

and combining them, column to column, is written as: (vl s Vi

All of these ce the I sta

ar, when the ¢

gical connectives are biconditional

5o the theorem is proved. In par

3. We denote K™ for K x x K, where K is crossed with itself n times. is a biconditional, we have
Note that x denotes the Cartesian product.
4. We denote I, to be the n x n identity matrix i.e. I, = (e;) where (P&Q)
{lll'z:J = (P=QA(Q=P,
G5 =90 .
Difi#j = (((~Q) = (~ P) (~P)=(~Q)
5. Logical connectives and symbols are used in this text. Their meanings 3 (OB
are listed below: .
= ((~P) & (~Q)
Symbol | Mesning € Myx(K). There exists elementary matrices £y, ..., B;
A and where B cither is qual to I, or has a zero last row
v or 2 st row if A is not
~ not te: When pre-multiplying a matrix b ntary watrix, it performs
= therefore a Y row operation on that matri
& if and only if an Ay )
Proof: Lot A = Lot w = ) Then, if we let
2 The proof h
T
Before we prove the theorem linking linear independence and determinants, we such that Ax = w, we can construct « system of linear equations as
will first observe and prove the following 2+ [emmas and one theorem. The Fn
first theorem is listed below: follows:

Theorem 1: Let P and Q be statements/predicates. Then, (P = Q) < ((~
Q) = (~ P)). ix=w

Proof: We will use the fact that (P = Q) & ((~ P) V Q). This is shown i S g i -
using a truth table: ) - ( & )

anzy + -+ ankn wy »
We sce that in both cases, the matrix A transformed to cither I, or last

ce we can o the same thing by

row zeros from elementary operations. Si

an1Z1 + - + G, wy repeatedly pre-multiplying A with suitable elementary matrices, the first part

Equating coefficients, we have a system of linear equations in which the of the [omp, ¢ follows
variables are zy,...,2,. A system of linear equations can either have a unique By using the multilinear and alternating properties of determinants, we can
solution, no soluti ori itely many soluti El ary row operations deduce that the determinant of an elementary matrix is never zero. Suppose
can be used to sce which case occurs. If the system has a unique solution x; — s;, s singular i.e. det A = 0. Then. det iA) = det E;...det E;det A = 0,
we can deduce the following: Thus, B # I, since det [, = 1 ). Hence, the last row of B is zero. A s lar

can be dove to prove that if A is non-singular, B = I,,. Thus, the secoud
= part of the [ommg is proven. QE.D
& (omee 2: Lot A € My, (K). Then. det A # 0 if and only if there exists
a unique solution for x in the equation Ax = w, where w is an arbitrary vector
Tn =8 in K"
Proof

replaced by the column vector w. The

Pro

th

T o e det A # 0. Let A; denote the matrix A whose i coluum is
1t + 0z, =5 s Rule, the equation has a

—
Oy oot Lo =85 unique solution: z; = 924 where Since the determinant of A is
lzy + ... + 0z, w g ;
4 2 non-zero, each «; is defined. Hence, a nunique solution for x exists
and : Assume there exists a unique vector x such that Ax = w no matter what
02y + ...+ lag W w Ty
1 0 o 4ih wis. Let w—| @ | and x . where w;,x; € K. Then, assume that
&s |2 5. & = i Wy Tn
5 . ] g det A = 0. By Vl,, ma 1, there exists elementary matrices E\, ..., E; such that
9 Zn Wn Ey..E;A = B where B has zero last row. Hence
) wy
. Ax =w
= I, = :
e W E...EiAx = Er..Eiw
where w; = §; Bx=a
If the system has no or infinitely many solutions, by applying elementary by b i s
row operations, the last equation becomes 0z + ... + 0z = w,. The system o o ' L
has no (infinitely many) solutions if and only if w, # 0 (w, = 0). Deducing : =0
further, 0 0 Tn an
ey + o+ bipay ay
021 + oo+ O = wy N
et 021 + ... + Oz, an

. ) _ ( i ) biidy + oo+ by =@
+02,)  \wn P :

—
02y + ..

& i 02y + ... + 01y = an
<= = £
0 - 0 Wy
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